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Résume. Cet article explore la convergence des croyances d’ordre supérieur - autrement
dit la stabilité divinatoire - lorsque la coordination est séquentielle, c’est à dire, lorsque
chaque agent d’un certain type décide de ses actions après avoir observé celles de types
antérieurs, dans un ordre donné. La présence de types séquentiels améliore la coordination des anticipations en cas de substituabilité stratégique, mais pas dans le cas de
complémentarité stratégique. La stabilité divinatoire peut être obtenue pour n’importe
quel niveau de substituabilité stratégique, à condition que le nombre de types séquentiels
soit su¢ ciement grand. Par conséquent, quand la coordination est séquentielle la convergence divinatoire se produit sous les mêmes conditions que la convergence adaptative,
conformément au principe dit de E-stability.
Keywords: apprentissage eductive, équilibre aux anticipations rationnelles, ensemble
rationalizable, apprentissage in macroéconomie, jeux de coordination.
JEL codes: D41, E30, B41.
Abstract. This paper explores convergence in higher-order beliefs - otherwise called
eductive stability - when coordination is sequential, that is, when each agent of a given
type …xes his own actions after observing the ones of earlier types in a given order. The
presence of sequential types enhances expectational coordination in case of strategic substitutability, but not in case of strategic complementarity. In particular eductive stability
can be obtained for any degree of substitutability, provided the number of sequential types
is large enough. Therefore, sequential coordination opens up to the possibility that eductive convergence occurs at the same conditions of adaptive convergence, in accordance to
the E-stability principle.
Keywords: eductive learning, rational expectation equilibria, rationalizable set, learning
in macroeconomics, coordination games.
JEL code: D41, E30, B41.
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Non-technical summary
One of the most delicate aspect of economic modelling is how agents form expectations
about future outcomes. Most of the key macroeconomic dynamics are in fact highly
sensitive to the speci…c hypothesis about expectation formation. The traditional view
assumes that expectations are rational in the sense of Muth (1961), i.e. agents in the
model share the same knowledge that the modeler has, and they can perfectly coordinate.
This notion is the equivalent to the concept of Nash equilibrium in game theory, where
agents have no uncertainty about which actions the others are taking. Therefore, a rational expectations equilibrium (REE) requires an highly demanding degree of coordination
which is assumed but not derived from …rst principles.
The Eductive learning approach assesses whether or not such convergence in beliefs
can be recovered from common knowledge of rationality. Eductive convergence occurs
when the REE equilibrium is the only outcome logically implied by the structure of
the model. Otherwise, the theory is somehow incomplete and requires to specify which
coordination device ensures convergence of beliefs.
In alternative, one could think that the agents we want to model cannot be more
sophisticated than econometricians in reality. Adaptive learning assumes that agents use
past observables to form expectations about the future using standard statistical tools.
According to this view, expectations are backward-looking and hinge on recent outcomes.
The two approaches, eductive and adaptive, give quite di¤erent convergence results. In
particular, eductive convergence implies adaptive convergence, whereas the opposite does
not hold.
The contribution of this paper is to clarify that eductive convergence can be obtained
at the same conditions of adaptive convergence when the coordination is sequential, that
is, when agents act according to a given order and observe their predecessors’ actions.
This result establishes that the nature of the di¤erent convergence conditions is not due
to the di¤erent degree of rationality assumed in the two approaches, but it is rather
a consequence of the presence of time. In fact, the introduction of time by sequential
coordination generates bene…cial spillover e¤ects in the eductive reasoning which I show
can be also uncovered in the basic principle of the adaptive convergence.
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1

Introduction

Eductive and adaptive learning provide di¤erent conditions under which out-of-the-equilibrium
convergence on a particular rational expectation equilibrium (REE) occurs in macroeconomic models. Adaptive learning (Marcet and Sargent, (1989); Evans and Honkapohja,
(2001)) assumes agents act like econometricians using standard statistical tools to calibrate a forecasting rule as new evidence becomes available over time. Eductive learning
(Guesnerie (2005)) instead assumes more sophisticated agents who behave like game theorists reasoning on the higher-order implications of common knowledge (rationalizability).
Typically the latter requires stricter convergence conditions than the former.
This paper demonstrates that sequential coordination enhances eductive stability
opening up to the possibility that eductive and adaptive convergence occur at the same
conditions. Sequential coordination introduces real time1 into the eductive reasoning
yielding epistemic implications in analogy with adaptive learning. When coordination is
sequential, atomistic agents of a type form their own forecast after observing the average
forecast, or equivalently the average action, of earlier types in a given order. Hence, a
type cannot disagree on the beliefs of their predecessors, similarly with adaptive learning where agents cannot disagree on commonly observed past data. This paper shows
that this particular form of epistemic restriction facilitates convergence in higher-order
beliefs up to the point where eductive stability occurs at the same conditions of adaptive
learning, that is, in accordance to the E-stability principle2 .
I investigate eductive learning in the context of self-referential liner economies populated by atomistic agents belonging to n sequential types with possibly disparate sizes.
The sequential nature of coordination shapes a backward-induction rationalizability process.
In the last subgame, agents type n observe the predetermined forecasts of other types,
but need to anticipate the average expectation of their own type. Provided convergence
in beliefs occurs, then it is common knowledge that agents type n will coordinate on the
same response to the forecasts of earlier types from 1 to n 1. In this case, agents type
n 1, who observe the average forecast of types from 1 to n 2, can also anticipate
the indirect impact of their average forecast through the common response of type n.
This spillover e¤ect can stabilize or destabilize the higher-order reasoning of type n 1.
Speci…cally, with strategic substitutability (resp. complementarity) the spillover spurs
convergence: the average action type n counteracts to (resp. co-moves with) the common
action type n 1 stabilizing (resp. destabilizing) the belief dynamics. If convergence
is achieved, then it is common knowledge that agents type n 1 will coordinate on the
same response to the actions of earlier types from 1 to n 2. Iterating we have that, as
long as convergence conditions are met at later subgames, agents type , who directly
observe the average forecast of types from 1 to n
, can also anticipate the indirect
impact of their average forecast through the common response of types from + 1 to
n. Successful convergence at all subgames implies agents coordinate on the unique REE,
which is therefore the only rationalizable outcome.3
1

"Real" time is used in contrast with "notional" time which typically indexes the hierarchy of higherorder beliefs.
2
George W. Evans and Seppo Honkapohja have introduced this terms in the literature.
3
In other words, the REE is strongly rational (Guesnerie (1992)), that is, it is the only pro…le of
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The introduction of sequential types enlarges the conditions for convergence of higherorder beliefs in case of strategic substitutability but not in case of strategic complementarity. In particular, there exists a correspondence between the degree of strategic substitutability and the minimal number of types needed to ensure coordination. I demonstrate
that the impact of an additional type on the enlargement of the convergence region is
increasing with the number of types. Put di¤erently, very few sequential types make the
di¤erence at very high degree of strategic substitutability. With a su¢ ciently large number of types eductive convergence is achieved for any degree of strategic substitutability,
as provided for by the E-stability principle. The …nal section depicts a parallel between
the sequential eductive analysis and the convergence of adaptive learning rules. The presence of stabilizing sequential spillovers, introduced by a constant-gain correction term,
also governs the emergence of adaptive convergence.
This paper is in line with an observation made in the seminal paper by Guesnerie
(1992) which concerns the enlargement of convergence conditions in the case of strategic substitutability when coordination is sequential between two symmetrical types of
agents.4 Di¤erently from the argument sketched in that paper, the present work considers a …nite, arbitrarily large, number of types with disparate relative sizes and also
looks at the case of strategic complementarity. Some e¤orts have been done before in the
literature to bridge the eductive and the adaptive approach. Evans (1985), Evans and
Guesnerie (1993) and Evans (2001) introduce the concept of iterative E-stability which
concerns the discrete iteration of the map from the coe¢ cients of a well-speci…ed forecasting rule to the coe¢ cients of the actual law of motion. The conditions for iterative
E-stability are the same of eductive stability provided the Cobweb model as a su¢ cient
homogeneous structure. Nevertheless, iterative E-stability substantially deviates from
the idea of agents acting as econometricians and has no microfoundations.

2

Self-referential linear models

This section presents two benchmark linear models widely investigated by the rational
expectation literature: the so-called Cobweb model, due to Muth (1961), and the island
model proposed by Lucas (1973). The two economies have a common central feature atomistic agents choose an action as a best reply to the average action - but they di¤er in
the way agents react: in the latter the individual best action increases with the average
one, a case of strategic complementarity, whereas in the former the individual best action
decreases with the average one, a case of strategic substitutability.
Although simple, these models provide insights for the eductive dynamics in nonlinear and/or stochastic models (see Guesnerie, 1992) and economies where expectations
are not on the current but on the future state (Guesnerie, 1993). A transposition to more
sophisticated settings can be recovered as explained in the aforementioned works.
actions contained in the rationalizable set as de…ned by Pearce (1984) and Bernheim (1984)).
4
A pedagogical intuition, not a rigorous argument, is illustrated in Chamley (2004) pag. 246. That
analysis leads to misleading conclusions in the case of strategic complementarity.

5

2.1

Strategic substitutability

Consider an in…nite number of homogeneous …rms, indexed in the unit interval. A …rm
i 2 (0; 1) sets a positive quantity qi
0 to maximize expected pro…t E i (P ) qi qi2 =2c
where P > 0 denotes price, qi2 =2c is a quadratic cost function parameterized by c > 0, and
E i ( ) labels the expectation operator of supplier i. Optimal individual supply is given by
qi = cE i (P ) ; that is, individual supply is proportional to the individual expected price.
We assume an exogenous aggregate demand curve given by D =
P with ; ; D >
0. Clearing conditions imply total supply equals total demand. The relation between
suppliers’expectations and the actual price is given by
p = e,
(1)
R
where p
P P ; ei
E i (p) and e
ei di; with
c= and P
= ( + c)
featuring the unique REE. Since both aggregate demand D and the market price P are
required to be positive, then p 2 @ where @ ( P ;
P ).
In this model it is always < 0. It entails strategic substitutability: the higher the
average produced quantity (that is, the higher the average price expectation), the lower
the actual price and hence the lower the optimal individual supply.

2.2

Strategic complementarity

Lucas (1973) provides a simple example of a macro-model featuring the same structural
relation (1) but with a > 0, which implies strategic complementarity. Suppose now
that each supplier is placed in a island and produces a good which is traded at a price
R Pi .
The “Lucas supply”function is qi = q + (Pi E i (P )) with ; q > 0, where P
Pi di.
In words, a producer increases his output above q when his own price is greater than what
he expects as the aggregate price in the economy. The aggregate demand D is the same
as before with the restriction q < . Market clearing implies aggregate supply equals
aggregate demand. The relation between suppliers’expectations and the actual price is
the same as (1) where we rede…ne
= ( + ) and P
(
q) = being the unique
REE. As before p 2 @.
In this model it is always > 0. Unlike the Cobweb model, it entails strategic complementarity: the higher the average produced quantity (that is, the higher the average
price expectation), the lower the actual average price and hence the higher the optimal
individual supply.

3

Benchmark analysis of expectational coordination

This section will quickly recall the classical eductive analysis under simultaneous coordination …rstly formalized by Guesnerie (1992) and reviewed in Guesnerie (2005). I will also
brie‡y contrast eductive convergence conditions with the E-stability principle governing
adaptive learning convergence. This establishes the benchmark over which we will later
discuss sequential eductive convergence.
6

3.1

Simultaneous eductive coordination

The eductive approach concerns itself with the assessment of the iterative implications of
common knowledge (CK) of the model and rationality. CK implies that agents commonly
know that p 2 @ and so that necessarily e 2 @. Since the market clearing correspondence,
which links an average expectation to an actual market price, is also CK, then agents will
conclude that a possible outcome of the game will actually lie in B (@) where B : @ ! @
according to (1). This is a second-order conjecture on the domain of possible aggregate
outcomes. But given B (@) is also CK then, for the same argument, agents know that
a rational outcome cannot lie out of B 2 (@), and so on, along an in…nite hierarchy of
higher-order beliefs.
Finally, it is CK that the …nal outcome has to lie in lim !1 B (@). If and only if
B is a contracting map, that is j j < 1, then iterative applications of rational responses
pin down a single expectational pro…le as a limit …x point, which is the unique REE.
In this case, we will say that the REE is strongly rational, or equivalently eductively
stable, according to the de…nition provided by Guesnerie (1992). Otherwise, the REE is
just one of the rationalizable outcome that agents can entertain given CK of rationality
and market clearing conditions. In such a case the emergence of the unique REE is not
guaranteed unless external coordination devices are introduced. In other words, eductive
instability implies indeterminacy of rational beliefs.
The conditions for eductive simultaneous convergence among a …nite number n of …rms
obtains as a generalization of the result whenever n (2 n) 1 <
< 1 (see Gaballo,
5
2013) . In the limit of an in…nite number of players (n ! 1) the condition becomes
j j < 1 which corresponds to the classical result brie‡y discussed above.

3.2

Adaptive learning and the E-stability principle

The adaptive learning literature assesses whether or not agents, reasoning as econometricians, will coordinate on the equilibrium after enough observable outcomes are generated
over time. According to this approach, agents are boundedly rational. They do not exploit
implications from the model (which could be well unknown) but just reason as time-series
econometricians who use past observations as predictors. The same B mapping governing eductive convergence is central to the so called E-stability principle establishing the
conditions for adaptive convergence.
Consider the economy is taking place at time t so that pt = et . Suppose that et
is the average expectation of a continuum of homogeneous adaptive learners who use
OLS regression on past outcomes fph gt0 1 to calibrate their best forecast. The E-stability
principle establishes that estimates would converge to the unique REE of the cobweb
model, formally limt!1 et = 0, if the ordinary di¤erential equation
@et
= B (et )
@t
5

With a …nite number of suppliers

et ,

depends also on the degree of market power.

7

is stable at its …x point e = 0, namely the unique REE.6 This condition is satis…ed if
and only if < 1. Hence, on one hand eductive and adaptive convergence occur at the
same conditions in case of strategic complementarity. On the other hand, adaptive convergence, in contrast to eductive convergence, can be obtained for any degree of strategic
substitutability.
The main result of the following analysis is to demonstrate that, in the context of
self-referential models with a reduced form (1), the adoption of sequentially enlarges the
eductive convergence region with respect to the case of simultaneous coordination. In
particular, provided number of types is su¢ ciently large, eductive convergence occurs in
accordance with the E-stability principle, that is for any …nite < 1.

4

Sequential coordination and eductive convergence

This paper looks at the case where there is a …nite number of types and coordination is
sequential according to the following de…nition.
De…nition 1 Consider a linear economy whose reduced form encompasses (1) populated
by a continuum of agents grouped
Pn into a …nite number of types indexed by 2 f1; ::; ng
= 1. Sequential coordination requires that agent
with relative size
such that
=1
type forms his expectation - or equivalently …xes his action - after observing the average
forecast - or action - of earlier types from 1 to
1.
Notice that, in both models presented in section 2, there is a one-to one relationship
between an individual choice and an individual belief on the average action. In the following analysis we will refer mostly to expectations with the understanding that through
the observation of actions agents elicit expectations. To better enlighten the main mechanism let us …rst focus on the simplest case of only two types, and then switch to the
general case with a …nite number.

4.1

Sequential coordination with two types

Consider the case in which the population is divided in two sequential types, namely
type 1 and type 2. Agents type 2 of mass 2 (0; 1) form their expectations observing
the average expectation held by agents type 1 of mass 1
. In the subgame played by
type 2, the average price expectation of type 1 is …xed and directly observable; call it e1
where, from here onward, we will use an upper bar to denote a predetermined variable.
Since agents type 2 commonly know (1), her individual price expectation ei;2 is formed
according to
ei;2 = (1
) e1 + e2 ;
(2)
that is, a map B2 : @2 ! @ which assigns an optimal individual action ei;1 to each
individual belief about a pair of average actions (e1 ; e2 ) 2 @2 about both his own and
6

For an exhaustive formulation of the E-stability principle see Evans and Honakpohja (2001).
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the other type. Agents type 2 they all observe the average expectation of the other type
e1 2 @, that is therefore predetermined to their eductive reasoning. In analogy with the
classical case, given CK that e2 2 @ and that all agents type 2 rationally conform to (2),
then it is CK that a possible rational outcome lies in B2 (e1 ; @). But given B2 (e1 ; @) is
also CK then, for the same argument, agents know that a rational outcome cannot lie
out of B22 (e1 ; @), and so on along an in…nite hierarchy of higher-order beliefs. Therefore
is CK that a …nal outcome has to be in lim !1 B2 (e1 ; @). If and if B2 is a contracting
map with respect to the variable e2 , that is j j < 1, then the iterative applications of
rational responses pin down
(1
1

ei;2 = e^2 (e1 ) =

)

e1 ;

(3)

where e^2 (e1 ) entails the unique common rational expectation of type 2 conditional on e1 ,
the observed average price expectation of type 1.
Since the rationalizable outcome of the subgame played by type 2 is CK, this knowledge can be used to anticipate the rational actions by type 1 as follows. Consider the
whole game where agents type 1 form their expectations according to
ei;1 =

(1

) e1 +

e2

(4)

that is, the same map B2 : @2 ! @. Nevertheless, there is an important di¤erence in the
eductive reasoning of agents type 1: it is CK that as long as j j < 1 holds then the
action of agents type 2 will be e^2 (e1 ). In such a case, (4) can be written as an individual
response to a conjecture on the average expectation of his own type only
ei;1 =

(1
1

)

e1

(5)

after substituting (3) into (4) with due changes in upper bar subscripts. Notice that (5)
is the same as (3) apart that type 1 does not observe their own average action which has
to be anticipated (so no upper bar). Following again the standard higher-order beliefs
argument, given CK that e1 2 @ and that all agents type 1 rationally conform to (5),
then it is CK that a possible rational outcome lies in B1;2 (@) B2 (@; e^2 (@)) : But given
B1;2 (@) is also CK then, for the same argument, agents know that a rational outcome
2
(@), and so on along an in…nite hierarchy of higher-order beliefs.
cannot lie out of B1;2
Therefore it is CK that a …nal outcome has to lie in lim !1 B1;2 (@). We have therefore
the following de…nition.
De…nition 2 The unique REE is sequentially eductively stable if and only if both B2 and
B1;2 are contracting maps in, respectively, e2 and e1 , that is,

and

for a given

j

j<1

(1
1

)

2 (0; 1).
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< 1;

(6)

(7)

The following proposition states when this condition is met.
Proposition 3 In case of strategic complementarity ( > 0) the unique REE is sequentially eductively stable when
< 1,
independently of , the relative size of type 2. In case of strategic substitutability ( < 0)
instead, the unique REE is sequentially eductively stable whenever
1

>
with

1

;

1=3; or
>

with

2
1

;

> 1=3.

Proof. In case of strategic complementarity, > 0, (6) implies
< 1; whereas (7)
yields < 1, which is a stricter condition.
In case of strategic substitutability instead, < 0, (6) implies
< 1 that is >
1
1
: The second inequality (7) is satis…ed when > (2
1) provided 2 [0; 1=2],
1
and always otherwise. The latter is binding whenever
< (2
1) 1 from which the
proposition.
The condition for eductive convergence when coordination is sequential is larger than
the one obtained under simultaneous coordination. In particular, sequential coordination
weakens the conditions for convergence in case of strategic substitutability, whereas does
not a¤ect the case of strategic complementarity. Figure 1 plots the increase of the parametric region of eductive convergence. Obviously, at the limits of ! 0 and ! 1 we
get the same result obtained in the simultaneous setting.
The di¤erence between the case of strategic complementarity and substitutability can
be simply discussed looking at (6)-(7). The …rst condition (6) tell us that the smaller is
the weight of agents type 2 the more likely is eductive convergence on their own common
rational response. The same logic applies to (7) for type 1. Nevertheless the two di¤er
for a factor 1= (1
), which measures the impact of the sequential spillover of agents
type 2 on agents type 1.
With strategic complementarity,
> 0, the …rst condition (6) implies that
1= (1
) is strictly greater than one in the relevant case. This means that the common
action of type 2 has a destabilizing feedback e¤ect on the eductive reasoning of agents
type 1: when agents type 1 conjecture how the actual price will react to their average
expectation, they take into account the common reaction of type 2 which moves type
1’s higher-order conjectures in the same direction further away from the unique REE.
In particular, the additional feedback is such that there are no gains, in terms of the
magnitude of the convergence region, in introducing sequential types.
With strategic substitutability, < 0, the picture changes dramatically. The
sequential factor 1= (1
) is positive but always smaller than one. This means that
10

Figure 1: The parametric region of eductive convergence with two sequential types.
Darker grey denotes the additional region obtained because of sequentiality.

the common action of agents type 2 has a stabilizing feedback e¤ect on the eductive
reasoning of agents type 1: when agents type 1 conjecture how the actual price will
react to their average expectation they take into account the common reaction of type
2 which moves types 1’s higher-order conjectures in the opposite direction closer to the
unique REE. In fact, due to strategic substitutability the common action of type 2 will
counteract to the average action of type 1. This e¤ect stabilizes the eductive reasoning
widening the eductive convergence region.
Notice that the size of population type 2 a¤ects the stability conditions (6) and (7)
in opposite ways. In the case of substitutability, the stabilizing sequential spillover from
type 2 to type 1 gets stronger with . The intuition is simple. Let us take slightly
greater than 3 and = 1=3. Suppose, as a starting point, that type 1 considers an
unit price increase away from the REE (ei;1 = 1). If actions of type 2 were …xed, type
1 should conclude that, in a second order guess, the price will drop of slightly less than
two units ( (1
)). Nevertheless, type 1 knows that eventually type 2 will counteract
to such (observed) drop making the price decreases only slightly less than one unity
( (1
) =(1
)). This way a contraction in beliefs occurs for type 1. The contraction
is stronger as gets larger. On the other hand, as increases, eductive convergence
among agents type 2 becomes more demanding; hence = 3 makes = 1=3 binding.
This trade-o¤ results in the asymmetric shape of the frontier of the eductive convergence
region plotted in …gure 2. The contracting properties of sequential coordination between
two types are maximized exactly when type 2 has a relative size of 1=3. In such a case
convergence occurs for any -value belonging to the interval ( 3; 1).
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4.2

Sequential coordination with a …nite number of types

This section generalizes the previous result to a …nite number n of types. The argument
uses backward induction, so I …rstly describe the rationalizable outcome in the last subgame played by agent type n and then I present the iterative step to recover convergence
in the generic subgame.
The last subgame. Agents type n choose their own actions once all the other types
already did. Agents type n only need to care about expectational coordination among
themselves. The best reply function of agents type n is
ei;n = e1jn

1

+

(8)

n en ;

Pn 1
where e1jn 1
h=1 h eh denotes a weighted sum of average expectations of the earlier
types. Such expectations are observable by agents type n so they appear with an upper
bar. (8) entails a map Bn : @n ! @ which assigns an optimal individual action ei;n 2 @ to
an individual belief about the average action of all types, his own included. Nevertheless,
agents type n observe the average actions of the other types e n fe1 ; ::; en 1 g 2 @n 1
which are therefore predetermined to their eductive reasoning. Given CK that en 2 @ and
that all agents type n rationally conform to the rule (2), then it is common knowledge
that a possible outcome will lie in Bn (e n ; @) : But given Bn (e n ; @) is also CK, then, for
the same argument, agents know that a rational outcome cannot lie out of Bn2 (e n ; @),
and so on along an in…nite hierarchy of higher-order beliefs. Therefore is CK that a …nal
outcome has to belong to lim !1 Bn (e n ; @). If Bn is a contracting map in en , that is
j n j < 1, then the iterative applications of rational responses pin down
ei;n = e^n (e

n)

=

e1jn 1 ,

1

(9)

n

that is, a common rational response e^n to a pro…le e n of average expectations held by
types from 1 to n 1. Since the rationalizable outcome of this subgame is CK, then this
knowledge can be used to anticipate the rational action of type n in earlier subgames as
explained below.
The generic subgame. We initially guess and then verify that if eductive convergence occurs in the subgames from n to + 1, then it is CK that the common rational
response of agents of types from n to + 1 is given by
ei;n = ::: = ei;

+1

= e^

+1

e

=

( +1)

e1j ;

1

(10)

+1jn

Pn
where +1jn
fe1 ; ::; e 1 g 2 @ 1 . By convention n+1jn = 0
h= +1 h and e
and e 1 = 0. Consider now the subgame where agents type form their expectations
according to
ei; = e1j 1 +
e + e +1jn
(11)
Pn
n
with e +1jn
h= +1 h eh , that is the same map Bn : @ ! @. However, as long as
eductive convergence occurs for the following types, (11) can be written as an individual
response to a conjecture on the average expectation of his own type only
ei; =

1

e1j
+1jn

12

1

+

1

e
+1jn

(12)

after substituting (10) with appropriate bar upscripts into (11).7 It is useful to remark
that the only di¤erence between (12) and (10) is an epistemic one: the average action
of type is unobserved to agents type (so it shows up without an upper bar in (12))
whereas it is a predetermined variable for agents type + 1. For each going from 1 to
n let us denote
B ;n (e ; @) B +1;n (e ; @; e^ +1 (@))
where B ;n (e ; @) : @ ! @ being Bn;n (e n ; @) = Bn (e n ; @). The generic B ;n (e ; @)
is a map which assigns an optimal individual action ei; 2 @ to an individual belief about
the average action of his own type e 2 @, conditionally on a given pro…le of observable
expectations of the earlier types e .
The eductive argument repeats as usually. Given CK that e 2 @ and that all agents
rationally conform to (2), then it is common knowledge that a possible outcome will lie
in B ;n (e ; @) : But given B ;n (e ; @) is also CK then, for the same argument, agents
know that the rational outcome cannot lie out of B 2;n (e ; @), and so on along an in…nite
hierarchy of higher-order beliefs. Therefore is CK that the …nal outcome has to be in
lim !1 B ;n (e ; @). The following extends de…nition 2 to the case with a …nite number
of types.
De…nition 4 The unique REE is sequentially eductively stable if and only if B
are contracting maps for every type, that is when

(e ; @)
(13)

<1

1
for each

;n

+1jn

2 f1; ::; ng.

The following proposition states when this condition is met.
Proposition 5 In case of strategic complementarity ( > 0) the unique REE is sequentially eductively stable when
< 1,
independently on the number n and relative sizes f gn0 of sequential types. In case of
strategic substitutability ( < 0) instead, the unique REE is sequentially eductively stable
whenever
1
> ` (f gn0 )
max
(14)
:

where ` (f
7

gn0 ) <

+1jn

+1jn

1, unless there exists a type

= 1 in which case ` (f

In particular, given the coordination of agents from type n to
e

+1jn

=

using the relation e1j =

^ +1
+1jn e
e + e1j

=

+1jn

1

e1j =

+1jn

1.

13

+ 1, we have

+1jn

1

+1jn

e + e1j

1

gn0 ) =

1.

Proof. The proof is about working out (13). Let investigate …rst the case of strategic
complementarity > 0. Notice that
n < 1.
n+1jn = 0 so that (13) requires
njn =
Given that
<
1
then
(13)
requires
<
1.
Iterating
we
have
that,
provided
njn
n 1jn
2 f1; ::; ng where jn = + +1jn .
+1jn < 1 then (13) requires
jn < 1, for each
Finally, given that 2jn < 1 then (13) requires 1jn = < 1. Therefore, we can conclude
that, in the case of complementarity, < 1 is the relevant condition for sequential eductive
convergence.
In case of strategic substitutability < 0 we have to distinguish two cases. First, for
a type such that
+1jn then (13) is satis…ed without further restrictions. Second,
for the type for which instead
> +1jn then (13) requires
1

>

.

+1jn

Therefore, the most restrictive condition obtains for the such that
>
+1jn which
1
makes
maximal. Notice that by construction a
always exists since
+1jn
1
n > n+1jn = 0 so that
n is always a lower bound to .
Like in the case of two types, the introduction of sequential types does not a¤ect
the conditions for eductive coordination in the case of strategic complementarity. With
strategic substitutability instead the region of eductive convergence enlarges depending
on the distribution of relative sizes of the types. In particular a negative must be
1
larger of any negative
. Notice that, by construction, type = n has a
+1jn
1
size greater than the cumulative size of its predecessors, which is zero, so
1 is
n <
always a lower bound to . Also note that
+1jn cannot be larger than one. We
therefore conclude that sequential coordination strictly enlarges the parametric region of
eductive convergence. This e¤ect is due to the presence of a sequential spillover 1
+1jn
in (13) which (de)stabilizes the eductive reasoning of agent type in case of strategic
substitutability (complementarity).
Sequential coordination enlarges the conditions for eductive convergence in the case
of strategic substitutability but not in the case of strategic complementarity. The following proposition establishes when an equivalence between the E-stability principle and
sequential eductive convergence conditions obtains.
Corollary 6 The unique REE is sequentially eductively stable whenever < 1, in accordance with the E-stability principle, provided: (i) the size of the last type n is smaller
1
than
, and (ii) the size of each type is at most as big as the cumulative weight of the
subsequent ones.
With a su¢ ciently large number of sequential types sequential eductive convergence
can occur at the same conditions of E-stability. In particular, the size of type 1 can be
large up to 1=2 without preventing eductive convergence at any negative value. But
this is only a necessary condition. With 1 = 2 1 the weight of type 2 can be at most
2 2 . Along this line of reasoning, the distribution of types’ sizes must follow the rule
= 2 for 2 f1; ::; ng. In practice, the distribution of sizes that maximizes the region
14

of eductive stability in case of strategic substitutability provides for later types having
smaller relative sizes. The simple intuition beyond this feature is that later types have
less of the following types from which bene…t. The last type does not take advantage
of any spillover, as a consequence the convergence conditions relative to it are the most
stringent. The type before the last instead can have a greater relative size (meaning
a greater impact on the average expectation) without a¤ecting stability: its action, in
fact, will be partly o¤set by the following type who counteracts because of strategic
substitutability. Iterating the argument we easily conclude that the distribution of types’
sizes that induces maximal stability has to be decreasing in the sequential order of types.
Another property of sequential coordination is that the eductive convergence region
is widened soon as the number of types increases to few. The following proposition states
the result.
Proposition 7 Given a negative , then the minimal number n ( ) of sequential types
that can achieve coordination is the minimal n 2 N such that 2n > 1
.
Proof. With a j j < 1 a single type is su¢ cient to achieve coordination. Consider now
a particular < 1. To obtain sequential eductive convergence for such value, the size
of the last type n must be strictly smaller than 1= . Hence, the maximal size of of the
last type n obtains at the left-sided limit n % 1= .8 In such a case, to comply with
(14), the size of type n 1 must be strictly smaller than 2= . When n 1jn is at its
maximal size, that is with n % 1= and n 1 % 2= , then (14) requires n 2 must
be strictly smaller than 4= . In sum, to bind the stability conditions, the size of the
generic type 2 f1; ::; ng must be
2n

%
In fact, since 2n

Pn

1

h=0

2h = 1 for each n
1

limn

%

.

2

2 N then

Pn

<

+1jn

(15)

j=0

1

2j

2n

=

for each 2 f1; ::; ng for whatever n.
We now have to determine n ( ) that is the smaller n such that the sum of types
with maximal size (with (15) binding) is at least one. The sum of the maximal weights
of types is equal to
Pn 1 j
n
X
2n 1
j=0 2
=
=
=1

so that n ( ) is the minimal n such that

2n

1

>1

with < 0, which …nally gives the condition 2n > 1
. This means that for n ( ) 1
types is not possible to achieve sequential eductive convergence because necessarily at
8

I use the notation x % M to denote the left-sided limit otherwise denoted by x ! M :
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Figure 2: The parametric region of eductive convergence with a …nite number of sequential
types. Darker grey denotes the largest additional region obtained with the introduction
of n sequential types.

least one type’s size must violate (15). As a consequence at least n ( ) types are needed
to achieve convergence. Of course, the sum of sizes of types must be exactly one. To
construct a distribution of n ( ) types in order to bind stability conditions (14), the size
of the …rst type must be chosen equal to
n ( )
1

X

=1

=2

with other types’sizes binding on (15).
The correspondence n ( ) is illustrated in …gure 2. The implication is that relatively
few sequential types are needed to ensure eductive coordination in linear self-referential
economies with high degrees of strategic substitutability ( < 1). Put di¤erently,
the larger the number of types the larger the additional region of eductive convergence
(denoted with a darkest gray) that one more sequential type ensures. The …nding suggests
that sequential coordination is a relatively cheap policy tool that can be used to implement
a market mechanism granting expectational coordination according to the principle of
eductive stability.

5

Sequential spillovers and adaptive learning

In this section I outline the relation between sequential eductive learning and adaptive
learning as introduced in section 3.2. First of all, let me notice that under adaptive
learning the possibility of observing others’ expectations is irrelevant. Suppose agents
are adaptive learners and they act sequentially within the same period according to their
16

type, as assumed above. The …rst type will use only the series of past outcomes as
regressors. The second one can use the same information set plus the observation of
the average forecast of the …rst type, which in fact does not add new information. The
argument can be easily iterated to establish that all players use the same information set
at any period.
Nevertheless, the importance of sequential spillovers between periods also shows up in
the adaptive setting. Let assume now that the economy repeats every period t 2 N. At
each period the economy is populated by one single type t of agents which form their
own expectations on the current market price using past data. First, let us consider the
simplest form of adaptive (naive) learning
ei;t = et = pt

1

(16)

where agents just expect the current market price equal to the past one. This generates
the well known Cobweb tatonnement. Convergence occurs with j j < 1 as in the case
of eductive learning with a single type. Consider now agents a bit more sophisticated
that also include in their forecast rule a constant-gain correction term derived from the
observation of the past price expectation et 1 (which is evidently predetermined). That
is
ei;t = et = et 1 + (pt 1 et 1 )
(17)
where is a gain measuring the impact of the forecast error last period. With = 1,
(17) is the same as (16). With a time-varying decreasing gain t = t 1 , (17) becomes a
recursive expression for the average market price from time 1 to t 1: nothing else than
an univariate OLS regression on a constant. Bray and Savin (1986) is the …rst paper
establishing that the REE of the Cobweb model is stable under OLS learning whenever
the E-stability condition < 1 holds. With a constant gain 2 (0; 1) instead, (17) is
a recursive expression for a weighted average with more recent updates having a higher
impact. A classical result of adaptive learning literature maintains that the E-stability
principle still applies, provided the gain is small enough (Evans and Honkapohja, 2001).
To see how sequential spillovers intervene in enlarging the convergence region into the
strategic substitutability territory, let us rewrite (16) using (1) as
1)) et 1 .

et = (1 + (

This is a map A : @ ! @ linking an observed expectation et 1 2 @ into a subsequent
expectation et 2 @. Convergence in the long-run to the unique REE occurs if and
only if lim !1 A (@) = 0. This requires j1 + (
1)j < 1. In case of high strategic
complementarity, > 1, the sequential spillover (
1) from expectation at time t 1
to expectations at time t will prevent a contraction no matter how small is. This is
why, in case of strategic complementarity, the region of adaptive convergence does not
enlarge using (17) instead of (16). In case of substitutability instead, for a given negative
, long-run adaptive convergence obtains as long as
<

2
1
17

,

that is, provided the gain is small enough. In the case of a type-varying decreasing gain
this condition is satis…ed from a certain time onwards no matter which negative value
of is considered, that is, the E-stability principle holds. With = 1 the convergence
condition collapses to the case of naive expectations.
Notice how close is the condition above to the one recovered in proposition 7. We can
rewrite that conditions as
2
21 n <
1
which says sequential eductive convergence is ensured with a large-enough number of
sequential types, similarly to the case of an adaptive constant-gain rule. Provided the
number of types is large enough, this condition is satis…ed independently for any negative
value of , in accordance with the E-stability principle. With n = 1 the convergence
condition collapses to the classical case. In sum, the key force at play is the same in
both settings: strategic substitutability introduces the possibility of favorable sequential
spillovers which dampen the elasticity of agents’expectations and support expectational
convergence.

6

Conclusions

This paper has explored eductive convergence when coordination is sequential, that is,
when each agent of a given type …xes his own forecast after observing the ones of earlier
types in a given order. When coordination is sequential, the unique REE of the benchmark Cobweb model is stable under sequential eductive learning for any level of strategic
substitutability provided the number of types is large enough. That is, sequential eductive convergence can potentially occur in accordance with the E-stability principle. On
the contrary, sequential coordination does not enlarge the region of eductive convergence
in the case of strategic complementarity.
The …nding sheds light on the subtle role played by the introduction of real time in
eductive convergence. It implies that agents cannot disagree on the forecasts of their
predecessors in analogy with adaptive learning where agents cannot disagree on commonly observed past data. This epistemic restriction originates sequential spillovers that
stabilize the higher-order belief dynamics in case of strategic substitutability.
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